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ABSTRACT: We treat polymer chains with an intrinsic curvature, which we model by a continuum extension
of a microscopic model with preferred bending angle. From this model, we obtain a modified form of the mean-
field Hamiltonian used to describe semiflexible chains. We then employ an auxiliary field operator to enforce the
mean curvature constraint along with a torsional constraint. Using this formalism, we provide analytic results for
the tangent-tangent correlatiar(s)-u(s)L) mean square radius of gyrati6®(] and mean square separatifil]

We also obtain approximate results for the feregtension behavior of these chains, and discuss possible extensions
to curved polymers with excluded volume and other self-interactions.

1. Introduction Porod model’s stringent constraints on local extensibility with
more tractable global constraints. The mean-field approach has

With time, the theory of single polymer chains has generally both simplified the theoretical notation and provided closed form

progressed toward more and more explicit descriptions of the . o
microscopic details of polymer chains. Since the middle of the results for experimentally relevant quantities, although they are
last century, the field has moved from the classic “Gaussian” generally not accurate beyond the second moment.
flexible poiymer models® through “wormlike” p0|ymer models FO"OWing that Spirit, we introduce a new auxiliary field model
accounting for chain stiffne$s® to models considering intrinsic  t0 treat polymers with an intrinsic curvatugand zero average
curvature and torsidf12 or confinement on curved surfacs.  torsion as elastic, curly chains under thermal fluctuations. The
Indeed, models describing polymers with intrinsic curvature or resulting path integral model applies to “ribbonlike” polymers,
other detailed internal structure have become particularly €.9., chains with backbones of directly linked benzene moieties
relevant in light of the increasing interest in biopolymers like and some supramolecular assembl&gésThe model also holds
RNA, DNA, and polypeptides. Here, microscopic “secondary” for general, “phone cord™like elastic bodies with no or low
structure can have a dramatic influence on chain confornf4tidn  intrinsic torsion, and can be taken to the “macroscopic” limit
and mechanical propertié%,2° and it cannot simply be  of bodies outside the thermal regimelds— 0. Though one
abstracted away from physical models. would like to model polymers with an arbitrary torsion, this
One would certainly like a simple model of polymer chains Simple model nevertheless captures the important features of
with internal structure like a preferred curvature or torsion. In @n intrinsically curved chain, including oscillatory behavior. We
fact, this has been accomplished through earlier work on the derive the auxiliary field model as the continuum form of a
Bugl—Fujita chaif! and its related variant, the Yamakawa Microscopic model of rigid rods with a preferred bending angle,
chaini® Both these models treat chains with energies that are Much as one can find the semiflexible model by extension of
quadratic in the local difference from the preferred curvature the freely jointed-chain picture of polymer chains. To treat this
and torsion, with Kratky-Porod-like local inextensibility con- ~ continuum form, we introduce an additional auxiliary figld
straints. By following an analogy with quantum-mechanical 0 account for the preferred curvature. This field comes in
treatments of angular momentum, one can derive exact results2ddition to the mean field that we use to enforce the global
for the radius of gyratiofis?[) mean-square end-to-end distance ength constraint. We neglect excluded-volume interactions and
[R(L)C) and other experimental quantities for the Yamakawa anyexplicitpreferred torsion in our intrinsically curved chains
chain. However, the resulting formalism of generalized Wigner in order to simplify the model. We weight the torsimnplicitly
functions and angular correlation coefficients is intimidating. instead, as we outline with a model with a change-of-curvature
One requires infinite sums to evaluate many experimental values,term and a constant. However, we will see that this first model
nor is there a transparent, easily evaluated scheme for apIs too cumbersome, leading us to use a nonlocal, spatially
proximating them. The theoretical rigor of these models is varying auxiliary fieldy(s — s) to enforce average curvature
commendable, but one might wish for a simpler, approximate and an implicit torsional constraint. This constraint favors zero
model. This has been provided in part by helpful analyses of average torsion, and yields a model of an oscillatory chain that
fluctuating, elastic helical rod®:23 Nevertheless, one might curls upon itself rather than wandering freely as the freely jointed
prefer a treatment which begins with a primitive derivation of (i.e., semiflexible) chain without a torsional constraint does.
a field theory rather than imposing fluctuations on an existing  Once we have obtained a saddle-point solution for
static model, a difference akin to that between models of y(s — s), we use the resulting theory to calculate the tangent-
Brownian motion using a explicit velocity probability distribu-  tangent correlatofil(s)-u(s)[] which resembles the correlator
tion and path integral approach, e.g., the Fokkelanck of a wormlike chain, but with an oscillating prefactor
equation, and those taking basic hydrodynamics with added cosgg[s — 1), wherek,. We then compute the mean square
white noise, e.g., the Langevin equatn. radius of gyration®Jand the mean square separation vector
Indeed, the theoretical situation for curved polymers rather [R%(s — s)for these intrinsically curved chains, and find a close
resembles that which existed for wormlike polymers before the relation to the exact results produced from Yamakawa's theory
advent of the “mean-field” models which replaced the Kratky ~ for a chain with curvaturé, and zero average torsion. We
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subsequently discuss the long-time, equilibrium stretching
behavior of our model chain under an externally imposed force,
and find an extremely high restoring forces at large deforma-
tions. Finally, we mention the problem of excluded volume for

intrinsically curved chains, and offer suggestions for how
excluded volume and other contact interactions could modify
our findings. Particularly interesting is the prospect that
excluded-volume interactions could generate a helical ground Figure 1. Drawing of a pair of links of lengtlb, joined at an angle
state like that known to exist for -helical peptides or ~ fo Examining the diagram, we see that the “radius of curvatuse”

. . - of this pair is given byl/[2 tan©d/2)].
nonbiological helical foldamer&:25

I . inaccurate. However, we feel the transparency and utility of the
2. Hamiltonian for the Curved Chain mean-field model in treating nearly-free chains justifies such
2.1. Derivation of the Model. We treat intrinsically curved ~ minor departures.
polymers via a modification of the theory of semiflexible (or With this as our background, we move on to describe
wormlike) chains which has been developed over the past few polymers with a preferred intrinsic curvature, which we
decaded.This model now stands along with the flexible random parametrize by a new constadqt One can derive a Hamiltonian
walk model as one of the basic tools of polymer physics. Let for this intrinsically curved chain by considering a microscopic
us consider a polymer chain whose configuration is defined by model of a chain made df rigid links of lengthb with a
the space curve(s), wheres parametrizes the contour length  preferred angle between linkg, as seen in Figure 1. We assign
along the chain. We make this a semiflexible chain by requiring each link a unit vectofl to describe its direction. These link
that it does not bend or stretch easily. A number of specific directions relate to the preferred anglgas [@i-0' 0= cos@),
forms have been proposed for the Hamiltonian of such a chain, where G and 0’ are the directions of any two adjacent links.

but all incorporate a bending energy of the form Taking 6y = 0 for the moment, it is clear that the energy function
for a pair of links is simplyE = — Q(0-0"), whereQ is a
Epend= AL ds%,((s)Z (1) bending modulus for the links such tiat: /,Q(A)? for small

anglesA between them. For the cage = 0, we will require

an energy function that has a minimumégt and retains the
same bending modulus about this minimum. A suitable energy
function for the single pair of link§l and Q' is that given in
studies of dimers with an intrinsic bending angle:

-2Q
1+ cos@,)

wheree is a bending modulus andis the curvaturec = |du/
dsl//|u(s)], u(s) being the chain’s tangent vector/ds. If we

take |u(s)| = 1, we can eliminate the vector magnitude in the
denominator to obtain a bending energy of the fdifg,g= f(L)

ds Y,e(du/ds)2. The strict constraintu(s)] = 1 0 s can be
satisfied through an analogy to the description of angular
momentum in quantum mechanics (as is done in treatments of S
the Kratky—Porod modéP). What this approach gains in rigor, 2y/1 - cos@)v'1 — (00")] (3)
however, is lost to the corresponding cost of inelegant, o .

complicated final expressions for most quantities of experimental EXamining the conditions we have placed on the energy
interest. Equivalent, closed form results can be recovered if one fUnction, one can see that eq 3 has a minimurir&t = cos,
replaces the KratkyPorod constrainB(ju(s)] — 1) with an satlsfylng the E:Pndlt[on for the average angle. If the argle
average length constrai[ﬂ; ds u(s)? = L, as Ha and Thiru- betweend and (" deviates frombo SPCh that) - (.90 t A, we
malai do26 With this change, one arrives at a mean-field 9° ©N to observe that the energy is quadratiain

Hamiltonian for a configurationu(s)] of the form

E(0.0) = [(c0) +

4 cosf,y) — 8

A%+
1+ cos@y)

B0+ A) =2 @)

I 2
prtuel = [ras|H9 v o -1 @
2\ds . L "
which satisfies the second condition.
wherep = (kT)~1, I, is the persistence length [equaldtxT in To derive a continuum version of this chain, let us expand
eq 1] over which the chain “rememis2its directionu(s), and the quantity @ - &) in the limit of very smallf, such that -
¢ acts as a Lagrange multiplier that enforces the average lengthll) = co®) ~ 1 — 6%/2 + O(6%). Taking|Aui| = [sing| ~ |6],
constraint. Thisaveragelength constraint removes the math- We expand eq 3 t@([Au]?) and sum over all tangent pairs

ematical complexities of treating the Kratk{Porod model, ~ {0,0'}. This yields
while reproducing that model’s results for the mean square N
radius of gyratiori®[land mean-square separatidi(s — s)0 e

to within a simple numerical rescaling of the persistence L

length®26 Physically, one would expect this approximation to =0 (kT) CO§[0f/2]

be a good one for a free or weakly stretched/compressed chain. - 2_ : _

After all, segments reasonably far from the end points of such [Z(Auui) 2’ S|n[90/2]‘ ‘Aui‘ ] )

a chain should experience essentially identical forces, and hence

they can be treated reasonably well by a common constraint. Examining Figure 1, one can see that the “radius of curvature”
This argument is further supported by comparison with explicit «o~* of a pair of links at anglé is given asco~t ~ b/(2 tan-
numerical simulations of chains with local length constraints [6¢/2]). Since we are taking the limit of smafl, 6o must
(i.e., chains eq 2 with a varying(s)).826 Admittedly, these approach zero as well, but this limit need not result in a straight
comparisons underscore the fact that the mean-field model will chain. Rather, we will takb — 0 andf, — 0 while preserving
necessarily produce different results for higher moments of the the ratioxo. To finish transforming eq 5 into the Hamiltonian
chain, as its treatment of segments near the chain ends will beof a continuous chain, let us now simultaneously replaceCtB?/
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sum overi with an integral over a chain length coordinae
and take the corresponding limits Af;; — b(du/ds) andN —
Qb (dﬁ)z
— 2,

dd
2kmlics &| (6) R

ds
where the chain length is given asL = Nb. We also discard
the nonu dependent terms that add an irrelevant constant

energy, insofar as we treat the Iength of the chain as being fiXGd'Figure 2. Schematic illustration of persistence lendth(dashed
Given that the chain curvatur«_és) '_S equal tojdu/ds| for [u(s)| . segments) for (A) uncurved semiflexible and (B) curved chains. For
= 1, we can see that the Hamiltonian of eq 6 relates to a bendingthe normal semiflexible chain (A}, indicates the length over which

energy like that of eq 1, though this energy now penalizes the chain remains relatively straight, while in the curved chain (B),
departures fromy: now denotes the average chain length that the chain curls up with a
radiusko™* before it “forgets” to curve and wanders off.

par= [ ds

A). B).

L € g _ .
Epena= J/, dso[x(s) — kol? @) velocities” of rotations on a chaM.Yet, as we note in the
Introduction, extracting results from this formalism is not a

where we retair's use in eq 1 as the local bending modulus; transparent process. o . .
here.e = Qb. One can introduce an effective implicit torsional constraint

One might rightly object that, thus far, our model seems by adding a change-of-curvature terf(dfu/ds’)? to the
redundant. After all, one would expect that the microscopic Hamiltonian of eq 6, which adds a contributiorPyttis’)? =
model of chain segments with a preferred bending angle that<0*#(S)* + «o® if the constraintgu(s)| = 1 and|du(s)/ds| = «o
we have presented should only reproduce the results of the freely10!d exactly® This change-of-curvature term is quadratic in
jointed chain. Admittedly, our formalism results in a slightly ~U(S) and therefore amenable to Gaussian analysis. We arrive at
different form of the continuum free energy, but the basic vision the following modified Hamiltonian:
of independent chain segments joined at an angle is the same,
as that presented by the freely jointed model. In fact, we need BATU()] =

some additional constraint in order to produce anything like a fL q ’ﬁ)(dzu)z l_p( du
2

&~ + o0 - 1)] ©)

“telephone cord” chain which wraps upon itself. This constraint 0 4 E
must act upon the chain’s plane of curvature, since if the chain

can curl about in all possible directions, the effect will average \where we have modified eq 6 by adding a change-of-curvature
out to something like an uncurved, wormlike chaiA.freely term parametrized by theompressionolumeu,. As well, we
curving chain is also not a fully realistic presentation of a real have included the substitutidp= Qb/kT, added an additional
polymer; after all, steric hindrances and short-range attractive energy per unit length df2lko? in order to complete the square,
effects mean that monomers do not revolve freely about the and incorporated the average length constraint parametrized by
bonds to their neighboring monomers, but rest at certain  in eq 2. In this modell, is now an effectivecurvature
preferred angles of rotaticfi. This again constrains the plane persistence length over which the curvature should remain
of curvature of the chain, effectively imposing a particular roughly constant, as illustrated in Figure 2. Meanwhjleetains
torsion on the chain. We will go on to introduce such a constraint js role as the global inextensibility constraint. Ultimately, the
through our use of nonlocal, spatially varying auxiliary fields introduction of a preferred curvature into our model should not
to treat the absolute value teifhjdu/ds| in eq 6. This constraint  affect our decision to take a global length constraint, as the basic
will favor zero average torsion, and turns out to be implicit. symmetry that the mean-field model exploited previotsleg.,
Before addlng this fleld, we will offer a brief discussion of the interchangeabi"ty of chain Segments far from the end
torsion and introduce a version of the aforementioned auxiliary points—remains the same.

field model which has a spatially constant auxiliary field and ~ However, we still face difficulties in treating the nonlinearity
introduces a new change-of-curvature term to effectively that arises when we take the absolute value of the local
constrain the torsion. Such a model proves cumbersome,cyrvature, which appears as a cross-term wighin eq 7.

however, leading us to the simpler version having the spatially However, we can still treat thislu/ds| cross-term by introducing
varying auxiliary field. We then obtain the results of the theory. a new auxiliary fieldy(s), through the relatiofd-3!

2.2. Curved-Chain Model with Implicit, Mean-Field

Torsional Constraint. The torsionz(s) of the space curve(s
is defined by the relation © i o z=ef ®V = S dlw(s)] o) by o) (10)
du For eq 10, the saddle-point condition thi{tn Z)/3y(s) = 0
dl Y > Gas da leads us to the resut2x(s)y3(s) + 2y = 0, and thusy(s)*
adi ™ aull T T T(S)E (8) = x(s)2. Taking the square root, one recovgXs) = & |x(s)|,
‘ X &‘ where the sign will be fixed by our subsequent choice of the

> o -
In effect, torsion marks the local rate of change of the orientation form of y(s). We note that our use af* for the auxiliary field

f the plane of curvatur 29 For —1an terms actually improves on previou_s treatments pf exponentiated
i Zofatﬁ:t()er;o(r:]ucaﬁtgeevs}itst) er(s)o:|;li§§)2| u (S)_Zju%iuis)égj [X(s)| terms that used onlhy to the first power?3ti.e., f (x,y")
ds?). As one can see, this “box product” makes torsion difficult = (x3/y’ + y') in e~ fds[z\/g)zl = [ d[y'(9)] e®¥), Takingf
to add to a Gaussian Hamiltonian that is quadratic in the tangent(x,y) = (x¥/y?2 + ¥?) in €%¥), on the other hand, better satisfies
variableu(s), as an explicit torsion term will be nonintegrable. the saddle-point approximation’s requirement tfggf" (x,)|
Yamakawa accomplishes this in the context of the local “angular > 1 at the saddle point. Evaluating this second derivativec\%ev
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seed, (X212 + Y?)|2=iy = 4, whereas, 2y + ') |y=ix

= 2/|x|. Thus, takingy to the first power as the auxiliary field
is suitable only for smalk. Admittedly, we will see that the
use ofy? in this version of the Hubbard-Stratonovich transfor-

mation does create some additional mathematical work. Nev-
ertheless, the situation illustrates how one can often choose fromconvolutions, we notéy(f*g) =

Macromolecules, Vol. 39, No. 13, 2006

Py YTHS) = S ds" s — S)yTHS' - s), e, a
convolution of the two nonlocal operators. This operator
approach is well-founded, following that presented previ-
ously?%3Lin treating models of semiflexible chains and related
gquantum phenomena. Recalling the general properties of
(0xf*g) = (f*9x9). Though this

several different arrangements of auxiliary fields to achieve the derivative rule differs from that for the product of simple

same ends, adjusting that choice according to the situation.

We will now apply the auxiliary-field expression eq 10 to
the absolute value term in eq 9, taking»®s)| = ly«o|du/ds|.
The partition functiorZ of the chain now becomes

z= [ diy(9)] [ du(s)] e medi
with 8.%mod given by
BeduS)] = [ ds ”Z"(%)z+
lp _ |2 ~2/4 |(du 2y 2
7= o O + o) @2)

The simplest way of implementing an auxiliary field likgs)

(11)

functions, we can see that is does not affect either the suitability

of the auxiliary field approximation discussed in the previous

subsection or the advantages of using fields proportionafto
We arrive at the modified Hamiltonian

BIt, f dsds ( (S)) Lo(s S')_E"2 s-s

inod = 0 4L o (s )
du(s _ — -
( Lél(s’ )) (2 + ¢lu(syu(s) — 1]Jo(s—s) — wz(s

s )] (14)

where we have written out the integration oveand s to
emphasize the nonlocal characteryof We will demonstrate
how this nonlocal quality acts as a constraint on torsion shortly;

would be to take it as a constant along the entire length of the for the moment we will simply work through the formalism.

chain,y(s) = yo, a mean field approximation like that found
in other auxiliary-field treatments of polymers in the litera-
ture28:32.33We would then just solve for the saddle point values
of yo and ¢. However, the resulting pair of saddle point
equations is not so easily solved, resulting in an analytically
insoluble sixth-order polynomial equation f¢r We also must
adjust the parametey, to ensure that the chain with the

Hamiltonian of eq 13 reproduces the statistics of a semiflexible

chain when the intrinsic curvature vanishescgt= 0. These

complications mean that we ultimately recreate the complexity

of earlier treatments of helical polymers, the same complexity
which we sought to avoid by introducing the auxiliary field in
the first place. As we show below, it is simpler to depart from
past treatments of auxiliary fields and remove the mean-field
assumption fornp(s). Instead, we will work with a generally
nonlocal, spatially varying auxiliary fielg)(s — s) rather than
the constant fieldyo. We can also discard the change-of-
curvature term, ag(s — s) will now act to constrain the torsion
as well.

2.3. Curved-Chain Model with Spatially Varying Auxil-
iary Field. Let us return to the continuum bending energy of

eq 6, and again incorporate it into the mean-field treatment of

eqg 2. We obtain

|
paruE] = [ ds [Ep( G ) o 1’] (13)

where¢ andl, are as defined earlier in eq 9. We have removed
the change-of curvature terfm v,, as we will show that the
effective torsional constraint this term provided will be replaced
by an implicit constraint introduced through the auxiliary field
. Let us proceed as we did earlier in moving to eq 13, this
time using a nonlocal spatially varying auxiliary field operator
Y(s — 9) instead ofyy.

As an operatory(s — S) is defined such that

P X)) = O(x — X)

x andx being dummy variables. In order for this to hold, the
operation “*” which we have used to apply the inverse can be

defined in an operator context by generalizing the functional <

form f2 = f x f to the operator formy=3s — s) =

Expressed in operator form, this Hamiltonian becomes a
quadratic form in the field variablgu(s)}

Bpoa= [, dsCi8 [(I_Ko - ¢)6(s —¢) — yA(s— S)] +
[ dsds (UM, (Ug) (15)

where 26

2
Mg _3[ (péss_l_"ow (S_S'))lag+¢5ss (16)

As we have takenp to be a function of the length difference (
— g), we analytically extend the operator so tlyats periodic
overL. This is as one would expect for a field that is contingent
on the difference between two chain positions and not the
absolute chain location. This periodicity also accounts for the
L~1 factor when performing the double integral oves ahd
ds, and proves necessary for the Fourier analysis we will
perform on the matriMsg.

The resulting quadratic form can be integrated over the space
of configurations dji(s)] to obtain the free energy

BF=—Inz= fodsds’(

K- ¢]a(s— s) —
Yis—9)| (17)

+ [ dsds (s - s’)%tr(ln M) (18)
where we have used the relation In(dgt= fg dsds o(s—S)

Tr(In M) to eliminate the determinant that would appear in eq
18. We emphasize that we use the trace here to denote a trace
along the directional components of the matrix, i.e. Mg{*?)

= 3.5 0asMss®’. This separates out the integrals alanand

s normally understood as part of the trace operation. Let us
now take the saddle-point conditions for the auxiliary figld

and the Lagrange multipliep, which respectively yield

gtr([4—1|_8 | % Ozzp*S(s'—S)]M*l(s, s))—w(s—s")=o (19)

Ccbv
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for oF/oy = 0, and

[ dsds o(s - S)gtr[M_l(s, N-L=0 (20
for 9F/3¢ = 0. Heres"' is a dummy variable resulting from the
derivative, which we later eliminate.

The null value of the derivatives dictates that the left-hand

Auxiliary Field Theory of Curved Polymers4561

This rescaling is an unwanted but in this case, unavoidable
mathematical effect of our use of the saddle-point approxima-
tion. Formally, it emerges from the fact that té(s — ) term

in the Hamiltonian is independent ofs), and so does not appear
in the matrixMss. According to the saddle-point approximation

that (L2)@y? + 2,42 ~ VX, the droppedy? term
contributes half of the/_ x? term, which is the source of our

sides of these relations must be equivalent. We can begin tounwanted numerical factor. The changectsshould not come
see that this equivalence can be satisfied by multiplying eq 19 as a complete surprise; for instance, applyinggiggobal length

through byL/4, applying inverse operators to tigedependent

term outside of the trace, and integrating. Thus, we can

reproduce the isolated MI(s, s)] of eq 20 if we establish
o(s—8)=y (s~ S)* 3 ey (s = 9)) (21)

inside the traces. The applicationpf? follows directly from
our definition of the convolution operation “*” such that
P X P() = O(x — ).

We can now use the convolution propeRY([f ()*g(s)] =
FT[f(s)] FT[g(s)], where FT[f(s)] is the Fourier transform
FTIf()] = /=, dg f(se @ to resolve the form ofMgg.
Returning to eq 21, let us take the Fourier transform of both
sides, using=T[o(s — S)] = 1 andFT[dg = ig. We find that

1= 3 AHFTY s - ) 22)
where we have takeRT[y*] = (FT[v])* as is appropriate for
these operators. From the above, we can solveFfigry 1],

constraint for chain length also rescales the persistence length
of the semiflexible chainl,, to 2,/d, whered is the dimen-
sionality (hence the familiarlg3 in d = 3). For simplicity, we

will rewrite ko/2 as ko henceforth, wherécy represents the
preferred curvature we actually model in the chain. This is just
howl,, = 2I/d comes to stand as tlaetualstatistical persistence
length of a chain in the mean-field semiflexible model. After
all, Tp is the length scale over which the chain loses its
orientational correlations in that theory, not the origihabf

the Hamiltonian in eq 2. Likewis&, stands as the true statistical
average of the curvature of the chain in question for eq 14 and
not the geometrical parametey.

Having solved fory=%(s — s), we are finally in a position to
discuss its action as an implicit torsional constraint. Examining
eq 27, we can see that this Hamiltonian penalizes chain states
with nonzero values of Fourier components other thag. The
corresponding ground-state space curve that has only these
Fourier components is simply a torsion-less circle. If we perturb
a section of chain of such that it forms a perfect helix with
torsiony,, and radius of curvaturé, ! this length of chain is

and upon returning to the real space of chain arc length, obtain o described by a Fourier component triad:

Yy Ys—9¢)as
iq(s—s)
s-9)= [ o dan (23)
(2w
and
q(s—s)
Ys—g)= [ L gq28 24
v =)= [0 g (24)
Likewise, the conditiod(s — S) = S dsS’ p?(s— S")yp (' —
S) yields
YAs—8) = f 5= dg Ipxo| q e (25

Equipped with a form for our auxiliary field, we can substitute
1y into eq 16 to arrive at the effective Fourier-space version of

the Hamiltonian of 15:
— Lo +5— f dg [——KO qH

|
fmz—ndqu[ (q —Ko|q|+—/<o)+¢] u_q (26)

I
ﬂ(/{mod - L

Here we have completed the squareyiby the substitutione
+ Yglpo®) — ¢'. Since thef”,, dq |q| integral that stems from
they?(s — ) term is clearly divergent, we discard it from our
considerations of the relevant finite part of the excess free
energy, which depends on our model parameters.

2.4. Effective Curvature and Torsion. Analyzing the
effective Hamiltonian of eq 27, we now appear to have a model
which penalizes curvatures that differ from2 rather than!

|U| =«/E%‘ (27)
™ =ﬁr5? (28)
U] = v (29)

wherek' = y/k,>+1,%, as is necessary for the helix’s radius of
curvature to remainsco. Applying these components to eq 27,
it is clear that there is an effective torsional penalty, as we have

| LR oot + [y &+ — ol

—Ey) = -
2(Kpp + Thz)

whereE; is the energy of the perturbed section &gdhe energy

of the circular ground state. This energy difference clearly has
its minimum atzy=0, and is quadratic im, for 7, < ko, as we
can see from the expansion

BE, — By ~

(L& +7, 20 2) (@R 1, ko) + O[T /Ry +T ol )

This result is robust against changes in the radius of curvature
of the helix, as might happen if the helix were to keep winding
with angular frequency instead ofk’. For the small-torsion
regime of the expansion, we therefore recover the Yamakawa
Hamiltonian for a chain with preferred torsiap = 0 and

referred curvature = ko'
P ko cDv
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i} w0 Ip ) - 3.1. Results for the Unstretched Curved ChainEquipped
B = f,w dSE(T + [k = &o]) with the essential results egs 23 and 33, we can now derive the
tangent-tangent correlatoii(s)-u(s') Cby standard methoti834
We therefore conclude that the nonlogals — <) field does aL
serve as an implicit torsional constraint, one which arises . oL e
naturally in the polymer theory after the elimination of the u(Su(s)t= 4nf—°° dq
change-of-curvature terms and the mean-field approximation for
. Admittedly, the torsional analysis above is only partial, as ) o )
the conformation of a thermally disordered chain will only very BY making the substitution’ = |g| — ko, we arrive at
rarely be a perfect helix, and the true Fourier components of 3L . 1
such a chain not so neat as in eq 29. Nevertheless, the [li(s)-u(s)= Ecos(éo[s - s’])f_wdq’ 1, (35)
approximation of a chain made of many local quasi-helical Aq%+¢
subsections described by eq 29 should be appropriate when the 2P
Ichain is strongly curved, as occurs at high persistence IengthsWhich we evaluate to yield the propagator
p-

gas=s)

1 (34)
ol = ZKolall + 7o) + ¢

3. Results and Discussion [W(s)yu(s) = 3(1L|20L)eV 20515 =Slcosk[s— S])  (36)
41

Having resolved the curvature and torsional constraints, we p
can now move on to evaluate the results of the model. We can.

begin to do so by replacing the trace over chain lergytn in the long-range limit ass(— s) - . Note that it is the
Mg(s ¢)ineq 20ywithpa tra(?e ovegin the equivalent F:)Barier- presence of the absolute valug| in the denominator of eq 34

- AR ' that results in the real valued correlator proportional to&es(
1 ! .
coefficient matrixM~(q, ) of eq 27 to find [s — S]) that one would desire, as opposed to thdfos—s]
3 o L 1 dependence that would occur withalone. Substituting eq 33
Ef_mg dq 1. =L (30) into eq 36, we obtain
Sle(lal = k) ™+
2¥ (9 - u@S)= e 2 Flcosgs—sl)  (37)
which can be integrated directly to find

3LV2
20,

Let us now assuméko? > ¢ such that the arctaidy/| /2¢) ,

term depends only weakly ap We know? that¢ 0 1,71 %{sko R(s— s)= f: dr jj dr' e ¥ "lcosg [t — 7'])  (38)
— 0, so for the physically interesting case whiye: 1 andio

> 1 this assumption seems appropriate. In fact, we will show Performing the integration, we have

it yields a self-consistent solution. If we accept this assumption

whereQ = 3(/, + a)l, 2. In the limit of weak or no intrinsic

I curvature,ko — 0, a — 0 and one recovers the mean-field,
T 4 arcta ,;O\/l ] =L (31) semiflexible tangential propagatai(s)-u(s)J= g 32y,
2 2¢ The mean internal separatiofR((s — s)O follows by
integrating the propagator betwesmands

for the moment, let us replace the arctangent term by a constani?(s — g)= 1
such that Q%+ &y)°
r( ﬁ) . [ (Q% — k)26 ¥ Slcosg[s— 1) — 2] +
arctanikor/ 5] =m0 < o0 <5 32
oV 2¢ 2 (32) 2Q(Q% + kA)|s — 8| — 4k ,Qe *Flsini,ls — s])| (39)

Formally, the factor emerges as a result of the presence of
the absolute valugq| in the denominator of eq 30; replacing
this term withqg simply reproduces the semiflexible chain results
for ¢ (i.e., oo = 0). Physically, then correction suggests that [RZ(S— 9=
the intrinsic curvature imposes a stress on the length constraint L, _Qls-s|
u¥(s) = 1, which is larger than that in the ordinary semiflexible 2y [L—e cosfols — s1) + Qs — ] (40)
case. We therefore require a larger Lagrange multighi¢o
enforce the length constraint.

Taking theoa approximation of the arctangent as in eq 32,
we find the result

If we take the limit wherédro > Q, i.e.,l ko> 1, this simplifies
to the form

which formally resembles the results given in previous studies
of wormlike chain$26 However, the prefactof2—2 has now
been replaced witly=2, and the damped&(=s) term now
oscillates with a wavelength ofiZk, due to the cosine factor,

1 2 as shown in Figure 3. The chain still approaches the limit of
9(5 + a) [R(s — )00 (s — §) as 6 — ) — o, but we note that the
=" (33) constant of proportionality is now of ord€/.? rather thari,,

P indicating that the effective step size of the large-(s) random

from which we take our subsequent results for the unstretchedwalk is 4/(9/:?02). This dovetails with our suggestion that the
chain. We see that the presencecofloes not greatly modify ~ chain’s spontaneous curvature leads it to wind into torii with a
¢, indicating the self-consistence of the approximation in eq radiusko™%, as illustrated in Figure 2. Examining eq 39, we see
32 for largelyio?. Note that we clearly retain the existing that the “effective persistence length” @?(s — s)lL grows
semiflexible resuft?® of ¢ = 9/(8,) as a — 0, which with increasingf2 (i.e., increasing thermal disorder) as the chain
corresponds to the uncurved case— 0. begins to unwind from a near-disclike state, then contracts &rB\e/
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Figure 3. Mean extensionR = R%(s — s)J vs distance along the
chain § — s) for a spontaneously curved chain (circles) witk= 10
andko = 27, and a “semiflexible” chain (squares) with= 10. For
the semiflexible case, has been set to zero in the oscillating factors
of eq 39 but left at 2 in the prefactors so as to scale with the curved
chain. As § — s) — I, the two graphs clearly converge.

again as thermal fluctuations return it to the random coil state,
an oscillation seen previously for elastic réd&JItimately, the
internal distance function of eq 40 qualitatively reproduces the
distance functions obtained from the calculation of exact analytic
results for Yamakawa chains with intrinsic curvatwgand
zero torsiont? the results for torsion-less elastic rodss well
as Monte Carlo simulations of Yamakawa-like ch&n& and
chains winding about an external field that induces chain
curvature?®

Given [R¥(s — S)L[] it is now a simple matter to extract the
mean square radius of gyration of the chai%(L)C] This
quantity follows from

()= Liz [rds [Fas®(s—s)0  (41)

Applying eq 40 for the quantitiiR3(s — s)Jand assuming >
1 andLQ > 1 so we can drop terms proportional to* and
L=" for n > 0O, we see that

2 Lo | &-)
3%+ (QPH+RD?

[F(L)= (42)

Let us compare this with the known rest@(L)0= 1/6 Nk?
for a flexible N-mer with monomer length. If we remember

the chain’s preference for zero average torsion, it seems plausible
that the chain is bunched into donut-shaped “blobs”, as in Figure

2, that each take up a lengthon and have radiuspiep. This
yieIds [SZ(L)D= 1/6 Nb|obb2 = 1/6 Lrb|0b2/Ib|ob.
We so see that

1
rblobz_ 1Q 12(§+a)|p

T o2 ~2 2
o Q7 + g 9(%+a) + A2

(43)

For I,? k¢? > 1, we recoverpionlpiob ~ (Ipko?), and assuming
thatrpon = Kot on the plausible grounds that the blobs are the
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optical-tweezer apparatus operating in the constant-force regime.
The presence of this force imposes an additional potential energy
term (L) — r(0)) - f, wherer(s) is the position of the chain
unit ats. Sincer(L) — r(0) = fg ds u(s), this potential adds an
external field term into our Hamiltonian in eq 13, which
effectively favors the alignment of each individual segment of
the chain with the external field;u(s). Note that here we have
setf = f/kT. While not dynamically accurate, this effect should
hold in the equilibrium case treated here. We go on to obtain

B =
[as ['5"((‘;—‘;)2—2&0

We can treat this by first applying the same auxiliary field
procedure to thddu/ds| term as we did in eq 13. We then
integrate over the configurations(g)] by completing the square
in Gaussian integration, which generates the relafiodu]

g utu=fu [ (dett) V2%e/49), where ¢ and B are generalized
operators. Since we take the zero-frequency limit in our
equilibrium analysisf is constant along the chain. Thus, we
take only theg = O contribution and so arrive at a new relation
which modifies eq 20 simply by adding an additional term
proportional tof 2.

du

ds

+ ,202) + P — 1) — fu(s)| (44)

f2

Tr(M s, 8)) + L———— —
(M s ) + 4 + | ey 12y

L=0 (45)

Following the results of section 2, we evaluate the trace and
find

3(1+ 20 f
2 =1-— (46)
2( 4/2¢Ip) 4(¢ + %I Ko ?

Unfortunately, this algebraic equation is effectively quintic (fifth-
order) ing and is no longer exactly soluble. Nonetheless, we
can approximate the chain behavior under limiting conditions.
Since we do not yet have a solution #pff) as a function of,

let us keepp explicit in integrating the propagatai(s) - u(s)d

of eq 36 overs ands to calculate the mean internal separation
[R%(s — S)[J We so obtain

fo(s— 9)? 3(1+ 20)
[R(s— 8= + ( x
do+3c) W@+ 7’

(Q7? — k) (2e ¥ %lcosk,[s — S]) —2) + 2Q'(Q"*+
kIS — S| — 4k, Qe 1 FIsin@,ls — )] (47)

whereQ' = /2¢/1,, replacing thet2 used earlier fog(f = 0).
We plot R(L) against the applied forcefor chains with and
without curvature in Figure 4, using numerically calculated
values forg (that is, without theo-approximation).

Looking at the plots, one observes that the most obvious
influence of intrinsic curvature is the relatively high force
required to extend curved chains to near their full length. This
is quite clear when comparing the force scales of the irget (

product of the spontaneous curvature of the chain, we recover= 0) and full (o = 0) graphs of Figure 4. Mathematically, this

lhiob ~ lp @nd the interpretation df as a curvature persistence
length whenkg = 0 (Figure 2).

3.2. Results for the Curved Chain Under an External
Force.We now go on to examine the response of an intrinsically
curved chain to an externally imposed forGeas might be
introduced in single-molecule experiments with an AFM or

follows from the prefactor 4 + 1/2 I,%?)~2 in the force-
dependent part of eq 47, and has a fairly simple physical
explanation: a stretched, curved chain will tend to keep its
curvature in the plane perpendicular to the applied fdrte
minimize the energetic terrhu, effectively storing length in
these oscillations. Aggrows large, however, one can imagi8%V
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101

pull

Figure 4. Main graph illustrates mean extensidR € +/ R(L)D vs
force § = f/kT) for a chain withl, = 10, ko = 27, andL = 10. Note
both the very high values of the fordeas R approache4, and the
nearly constant slope Ridf ~ 1/50) of the extension/force response,
whose value is in close agreement with our prediction Bfdfl ~
L/(Iko?). Meanwhile, the inset compares the for@xtension response
of the curved chain (circles) against the same plot for a fairly rigid
semiflexible chain (squares) with = 10, ko = 0, andL = 10. The
dots atf = 0 on both graphs mark the zero-force equilibrium extension
of both chains, which we see4siko* for the curved chain and roughly
L/2 for the semiflexible chain, as one would expect lfpr- L.

how the chain can only reach its full (straight) extension by
“pulling out” the polymer’s curves, much as in an over-stretched
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curvature within these lengths is not yet being “pulled out”. In
this regime, eq 47 can be approximated®¥s — s)~ f2(s
— 9)?/(1,%%0" due to the conditio < I%¢?, yielding the linear
extension-vs-force regime indicated in Figure 4. Note that in
the absence of any intrinsic preferred twist, we do not observe
any phase-transition-like behavior of the chain curvature, as has
been predicted for an intrinsically twisted chdithough
extension to a model with intrinsic preferred torsion may yet
yield such results.

Finally, the high-stretching regime wheli > |,i¢? yields
a complicated, quartic relation fgr. While we neglect the exact
solution here, the presence of terms in the raffosuggestsp
scales ag ~ f, and hencé ~ f~1. This semiflexible-like scaling
of the screening length with the force indicates that the chain
is nearly straight in this regime, and that turns of the polymer
have been completely “pulled out” by this time.

4. Conclusions

In this paper, we have put forth a simple auxiliary-field theory
of polymer chains with zero average torsion and spontaneous
curvature. As well, we have provided closed-form results for
its tangent-tangent correlatan(s)-u(s)C] mean square radius
of gyration [$%(L)[J] and mean square internal separatiB¥(s
— S) One should note that this theory will not give exactly
correct results for higher momeri8'(L)Cand[R(s — s)Cwith
n > 2, like other mean-field treatments of semiflexible polymer

phone cord. ThUS, a near|y taut curved chain should experiencechains without a strict Kratk-yPorOd constraint. NeVertheleSS,

an additional force of magnitudelpke?, which is in good

our results should be accurate for the mean square moments

agreement with the magnitude of the difference between the @nd force-extension response, which can be observed experi-
forces near full extension seen in Figure 4 for the curved and mentally through static light scattering and AFM microman-

uncurved chains.

In keeping with previous treatmeriswe can go on to
estimate a tensile screening length sdéadet by the value ofs
— | where terms proportional tes(— s) and & — )2 are
equal, namely
(48)

=31+ 200%2 N+ ¢)

in this case. For distances along the chain lesslthare expect

ipulation, among other techniques. Examining our results, curved
chains appear to assume contracted conformations at high
spontaneous curvaturegand curvature persistence lenggh

The theory reproduces the results of ordinary semiflexible
polymer theory in the limit ok, — 0 and hence those of flexible
polymer theory a, — 0, which roughly confirms the suitability

of this treatment. We also examine the for@xtension response

of these chains, and see that it resembles that of semiflexible
chains. We note some significant differences, however, such
as a linear forceextension regime, the higher force needed for

the configuration of the stretched chain to roughly resemble full extension, and a increased tensile screening lekgthich
the unperturbed, coiled chain of eq 40, while at larger distances,is strongly dependent on the curvatuige

the chain will appear to be stretched out along the direction of

f. In a weak-stretching regime whefre< 1,%¢%, we recover our
original result forg from eq 33, and thus finth ~ Yl ke%/f?,
indicating that the chain is nearly fully screened. For the
intermediate case whetd? < |40, we arrive at a cubic i,
which we simplify for ¢ < I4i? to obtain a self-consistent
quadratic solution

|
o= L [%o2(—2 %2+ 9(1+20)2) + 4+
202 % 2-9(1+20)) ° P°
\/ 160 + 87(02(f2(—2l 257+ 9L+ 20)%) + %| 264072+ 9L+ 2(1)22
(4

Thus, the intermediate regime sées 1{© + |1, wherel{© is
approximately thé; of eq 48, and

12,1+20) 3

D= ~
8l %" — 91+ 20)° 1y

(50)

is a constant that does not scale withVe interpret a nonzero
value ofl{M to mean that extension occurs as lengtffkio?)

Though the similarities in the mathematical treatment and
results for semiflexible and intrinsically curved chains suggest
that the study of the latter can easily be subsumed in that of
semiflexible polymers in general, physically interesting distinc-
tions between the two cases remain, particularly in regards to
self-avoidance. In our treatment of curved polymers, we have
yet to treat the issue of the steric interactions and excluded
volume effects that will occur in a real polymer. Such effects
may dominate polymer behavior in the regime whigkg? > 1
and the average separati@®?¥(s — s')(becomes small over much
of the chain. An Edwards-style analysis of the curved chain for
the weak-repulsion case should follow in future publications.
This problem also seems ripe for Metropolis or multicanonical
Monte Carlo simulation, and is a simple generalization of
helical-rod studies.

In the present absence of such studies, however, we can
already anticipate some of the effects of excluded volume on a
curved chain. In particular, steric interactions should lead to
the formation of local helical structures rather than torii for
chains whose excluded chain “widthg is roughly the radius
of curvature, kot. Though we already have a torsional
constraint, curved polymers with excluded volume must have

of the chain are being rearranged by the force, but that the some local torsion, as the chains cannot interpenetrate. WeCzB%)
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been studied on or off the lattice. Conversely, curved chains in
d > 3 dimensions should be less sensitive to steric repulsion as
there are simply more degrees of freedom available to the chain
to satisfy the requirements of constant curvature and self-
avoidance.
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